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SHINTANI FUNCTIONS ON GL(2,R)

MIKI HIRANO

ABSTRACT. In this paper, we give a formulation and an explicit formula for
Shintani function on GL(2,R), which has been studied by Murase and Sug-
ano in the theory of automorphic L-functions. In particular, we obtain the
multiplicity of this function.

1. INTRODUCTION

A detailed study of various special functions makes the foundation for the theory
of automorphic forms and automorphic representations. For example, the multi-
plicity of the Whittaker functionals is a problem which is very interesting and
important in view of both local and global theory of automorphic L-functions.

Recently the Shintani functions, originally introduced by T. Shintani for the
symplectic groups, were studied by Murase and Sugano [7] for GL(n) (see also [6]).
They obtained new kinds of integral formulas for the standard L-functions in terms
of the global Shintani function, and proved also the uniqueness of the local one at
the finite primes. However the multiplicity of the archimedean Shintani functions
has not been studied.

Now we define the Shintani functions for the triple

G=GLnR),  H={(%,)l(90,9) € GL(n —1,R) x GL(1,R)}

and the maximal compact subgroup K = O(n,R) of G as follows (see section
3): Let (n,F,) be an irreducible unitary representation of H and let Cp°(H\G)
be the space of C*°-functions F' : G — F, satisfying F'(hg) = n(h)F(g) for all
(h,g) € H x G. Moreover take the contragredient representation 7* of an arbitrary
irreducible unitary representartion m of G. We consider the intertwining space
I, = Homge oy (7%, Cp°(H\G)) between (g%, K)-modules and its restriction

Iy« — Homg (7%, C° (H\G)) = C;5 (H\G/K)

to the minimal K-type (7%, V) of 7*, where C7° (H\G/K) is the space of C>°-
functions F' : G — F,®V; satisfying F(hgk) = (n(h)@7(k) ") F(g) for all (h, g, k) €
H x G x K. Now we define a Shintani function as a function which belongs to the
image S, »(7) of the above map. We remark that the above definition coincides with
that of [T} Section 5.5] if we take as 7 a class 1 unitary principal series representation
and as n an irreducible unitary representation which is compatible with the central
character and is trivial on K N H.
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In this paper we give explicit forms of the archimedean Shintani functions for
GL(2,R) in terms of the Gauss hypergeometric functions. In particular, we prove
the following theorem.

Theorem (see Theorem 6.2 and 6.3). Let n be an irreducible unitary representa-
tion of H = GL(1,R) x GL(1,R).

1. Let w be a unitary principal series representation of G = GL(2,R) and 7
be the minimal K-type of m. Then dimS,, -(7) =0 or 1 if dim7 = 1, and
dim S, (1) =0 or 2 if dim7 = 2.

2. Let 7 be a discrete series representation of G and T be the minimal K -type of
m. Then dim S, (1) =0 or 1.

For the trivial character n of H, our result agrees with that of Waldspurger [9
Proposition 10]. We remark that the above theorem says that the multiplicity free
property is not valid in general; however, in the more limited sense of Murase and
Sugano or of Waldspurger, the multiplicity one holds.

On the other hand, in the representation theoretical point of view, this result may
be applicable to the Plancherel formula for H\G with non-trivial representations
of H (cf. [3] and its references).

I should like to express my gratitude to Professor T. Oda for his valuable guid-
ance, and to Professor M. Tsuzuki for helpful discussions.

2. PRELIMINARIES

2.1. Groups. Let G be the real reductive Lie group GL(2,R) and 6 be an invo-
lution defined by 0(g) = ‘g~ (g € G), where ! means the transpose.

Then the set of fixed points of 6 is equal to K = O(2,R), which is a maximal
compact subgroup of G. Moreover, define an involutive automorphism o of G by
o(g9) = JgJ (g € G), where J = (7' 9). Then fo = o, and the set of fixed points
of o is equal to H = GL(1,R) x GL(1,R), i.e.

H=fgecio=a={(4 .)ec

az

aiERX}.

Let g = gl(2,R) be the Lie algebra of G. If we denote the differentials of § and
o again by 6 and o, then we have §(X) = —'X and o(X) = JXJ (X € g). Let us
define the eigenspaces of 6 and o by

t={Xeg|ld(X)=X}, p={Xeg|lfX)=-X}
h={Xeglo(X)=X}, q={Xeglo(X)=-X}

Then
t=RX,, p=RYV10oRY®RZ,, h=RY I ®RZ,, q=RX;dRYs,

0 1 10 0 1 10
A A R A U (R

Therefore we have the decompositions g = ¢® p and g = h ® q. Observe that ¢ is
the Lie algebra of K and b is that of H.

Let
Ao {ar _ <coshr s1nhr> ca

with

sinhr coshr

reR} a=RYs.



SHINTANI FUNCTIONS 1711

Then a is the Lie algebra of A and is a maximal abelian subspace of p N gq. For
every integer n, set g, = {X € g|[Y2, X] = nX}. Then

go=a®RZ,, g=R(X1-Y1), g2=~0g=R(X:+Y1),

and g, = {0} (n # 0,+£2).
For a Lie algebra b, we denote by b® the complexification b ®g C of b.

2.2. Parametrizations of representations. In this subsection, we recall the
parametrizations of irreducible unitary representations of K, H, and G.

Let us denote the set of the equivalence classes of irreducible finite dimensional
representations of K by K. Tt is well known that K consists of two dimensional
representations (7,,V7,) (n € N) and one dimensional representations (75,Vr¢)
(e € {0,1}). Then we can take the basis {v,,v_y} of V, and {v§} of V;¢ so that
the associated representation is given by

T (rg) vy = eT™0up, 75 (rg)vg = 0§,
Tn (W0 )Vt = VFn, TS(wo)vg = (_1)67)8'

Here ry and wq are the elements of K defined by

cosf  sinf 1 0
o= (— sin6 Cosﬂ) > W= (0 —1) (0 € R).
Next let us parametrize the totality H of the equivalence classes of irreducible

unitary representations of H. For s = (s1,82) (s; € vV—1R) and k = (k1,k2)
(k; € {0,1}), we define a one dimensional representation n* of H by

({5 2))-smmr e (5 D) en

Clearly 0¥ is unitary and H = {n¥ | s; € vV—1IR, k; € {0,1}}.

Let P = MpApNp be the Langlands decomposition of the upper triangular
group P of G. For a pair (z,1) (z = (21, 22), zi € C, l = (I1,12), l; € {0,1}), define
o;on Mp and v, on ap = Lie Ap by

er O 1 1 ty O
01<<0 62))2511522’ Vz<<0 t = 21t1 + 22t2,

with ¢; € {£1}, t; € R. Then we can define the nonunitary principal series
representation . of G by Indg (01 ® expr, ® 1n,). Here the representation space
of 7 is given by

{f € C=(@)| f(manz)=e"= TP 1% %y (m) f (), (m,a,n) € Mp x Ap x Np,z € G}

with norm
1712 = / (k) P,
K

and G acts by 7' (g)f(x) = f(xg), where p is the half of the root of (g,ap) posi-
tive for Np. If z; € v/—1R, then the representation 7! is unitary and is usually
called the unitary principal series representation of G. The unitary principal series
representation 7} has the following K-types;

g =70 ® Y en o, if L +1l2 =0 (mod2),
7le|K = ZnEN Ton—1, ifli+lh=1 (mod 2).
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If 21 + 22 € V—1IR, 21 — 20 = —j — 1 for j € Z>p, and l; + l2 = j (mod 2), then
ml contains the discrete series representation Dé»m 1., of G as a subrepresentation.
The K-types of D! are

Jsz1+22

l — )
Dl ialk = D Tivan.
neN

3. SHINTANI FUNCTION AND RADIAL PART

3.1. Shintani function. Letn € H. Consider the C*-induced module C*°Tnd% (1)
with the representation space
CP(H\G) = {F € C*(G)| F(hg) = n(h)F(g), (h,g) € H x G}

on which G acts by the right translation. Then Cp°(H\G) has the structure of
smooth G-module and (g©, K)-module.

On the other hand, take an irreducible Harish-Chandra module II of G. Let us
consider the intertwining space

Ty m = Homge g (117, C‘X’Indg(n))
with IT* the contragredient (g&, K)-module of II, and its image
Sy = U Image(T).
Telyn

We call ¢ € S, i1 a Shintani function on G.

For any (7, V; )€ K we define Cr.(H\G/K) to be the space of smooth functions
F : G — V. with the property

F(hgk) =n(h)r(k)"'F(9),  (h,g,k) € Hx G x K.

Let 7* be the contragredient representation of 7, and i : 7* — II*|x be a K-
equivariant map. Moreover let i* be the pullback via i. Then the map

T, ~— Homp (7%, C2°(H\G)) = C;° (H\G/K)
gives the restriction of 7" € Z,, i1 to 7* via 4, which we denote by T;. If we set
Sn,H(T) = UTi, T €Ir],H;

then we call ¢ € S, n(7) a Shintani function on G with K-type 7.

3.2. Radial part. Let us denote the centralizer and the normalizer of a in K N H
by Zxnm(a) and Nxng(a), respectively. Then

KﬂH:{ﬂ:I, :|:U)0}, ZKﬂH(a):{:l:I}7 NKQH(G):KQH.
Here wo = (§ %), and woZxnp(a) is the unique nontrivial element of the quotient
group W = ]\[KQH(a)/ZKm{I(a).

For n € H, (1,V;) € K, let us denote by Cjp(A;n,7) the space of smooth
functions ¢ : A — V. satisfying the following conditions;

(1) (n(m)r(m))e(a) = ¢(a), m e Zxnu(a), a€ A,
(3.1) (2)  (m(wo)m(wo))p(a) = p(a™), a€A4,
3) (nD7D)e(1) = (1), le KNH.
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Lemma 3.1 (Flensted-Jensen [2, Theorem 4.1)). 1. G = HAK = HATK, where
At ={a, € A|r > 0}.

2. The set Cp°.(H\G/K) is in bijective correspondance, via the restriction A,
with the set C32(A;n, 7).

For (1,V;), (7/,Vy/) € K, any C-linear map u : Cro (H\G/K) — C,(H\G/K)
defines a unique C-linear map R(u) = R(y;r,r)(u) on AT with variable cefficients
such that uf(a,) = R(u)(f[a+)(a,) for f € Cp°(H\G/K), where |4+ means the
restriction to AT. We call R(u) the radial part of u.

4. THE CASE OF THE PRINCIPAL SERIES REPRESENTATIONS

4.1. Radial part of the elements of Z(g®). In this subsection, we shall calculate
the radial part of the elements of the center Z(g®) of the universal enveloping
algebra U (g“) of g© acting on C;° (H\G/K). First of all, the following two lemmas
are obvious.

Lemma 4.1. For a, € AT, we have
g=Ad(a; " )h+a+t

Lemma 4.2. Let f € C)°.(H\G/K). For X € t,Y € b, Z € a and a, € A", we
have

(Ad(a;)Y)ZX f(ar) = n(Y)T(=X)(Zf)(ar).
It is well known that Z(g) is generated by Q = 1(—X? + Y + Y#) and Z, (cf.
[4, 85]).

Proposition 4.3. Put £ = 2", and let n € H, 7 € K. For ¢ € C(Asn, 1) and
ar € A, we have

d2 4£3
R(D)plar) = 26 Jopiplar) + gy g lar)

+ Ty (260000 + 266 = D)r(X) =267} o),
R(Zy)plar) = 0l Zy)lay).

Proof. It is obvious for Z,. Thus we prove it for €. From Lemma 4.1 and the
definition of €2, we have

= e (260 VE)? - 2606 — D(Ad(a ¥ X, - 26°K7)

Since Yap(ar) = L o(a,) = 25{% ©(ay), we get this proposition from Lemma 4.2. O
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4.2. Differential equations and their solutions. Throughout this subsection,
let n = n* € H, (r,V;) € K, and let II* = 7l be a unitary principal series
representation of G with K-type 7*. If u € Z(g%), then u acts on II*, hence
on Cp° (H\G/K), as a scalar operator x,. Therefore for ¢ € Cy7(A;n,7) and

T

u € Z(g®) we have a differential equation with A-radial part;

(4'1) R(U)SO(GT) = Xu%p(ar)'
We want to find C'*-solutions of this differential equation.

Lemma 4.4.

Tn(X1)v4n = £V —1nv4,,

Y1) = s1 — s9, Zy) = 81+ s2,
n(Y1) = s1—s2, 0(Zp) =51+ 52 {TS(X1)’US—O.

Proof. This assertion is trivial from the definitions. O
Lemma 4.5.

1
XQ:§(21—Z2+1)(21—Z2—1)7 Xz, = %1 + 22.

Proof. See Jacquet-Langlands [4, Lemma 5.6]. O

Now we express a C*°-function ¢ : A — V; as

(42) Sﬁ(ar) _ {Cn(’r)vn + C_n('r)v_n7 if = T,

s (r)vg, if =18,
with C*°-functions c4,(r) (n € N), ¢§(r) (¢ € {0,1}).
Lemma 4.6. A C*-function ¢ : A — V, expressed as (4.2) belongs to the space
C(A;n,7) if and only if the following conditions are satisfied; if T = 7,, n € N,
1. k1 + ko =n (mod 2),
2. (=)*2cyn(r) = cxn(—1);
ifT=15,e€{0,1},
1. k1 + ko =0 (mod 2),
2. (—1f+ecs(r) = (7).

Proof. Since K N H = Ngnpm(a), it suffices to consider (1) and (2) of (3.1). Let
T = Tp. Since n(—1I) = (=1)" %2 and 7,,(—I)v1, = (=1)"v4y, we have

(=D (=1))p(a,) = (_1)k1+k2+n.

Thus (1) of (3.1) is equivalent to k; + k2 = n (mod 2). Because n(wy) = (—1)k2
and 7, (Wo)V+pn = Vgn, we have

(1(w0) T (w0))(ar) = (=1)*2(cn(r)vn + cn(r)v-n).

Hence we get the equivalence of (2) of (3.1) and (2) above, since a; ! = a_,. The
case of 7 = 7§ is proved similarly. [l

Let us assume that co(r) means either ¢3(r) or ¢j(r). Using Proposition 4.3, the
differential equations (4.1) for 2 and Z, can be written as the following differential
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equations in terms of ¢, (r) (m € Z):

d? 4¢3 d
(4.3) 2§2d_£20m(r) + Wd_fcm(r)
+ ! E {26%(s1 — $2)” + 26(&% — 1)(s1 — s2)mV/—1 4 26°m> } ¢ (1)

(&2 +1

= %(zl —z2+1)(21 — 22 — D)ew(r),

(4.4) (s1 + s2)em(r) = (21 + z2)em(r).

Now we deal with the case that 7* is the minimal K-type of IT*, that is, 7 = 7§
or 7p.

Proposition 4.7. If m = 0, then two linearly independent C°°-solutions of the
differential equation (4.3) are given by

s 241 Z4+s8+1 2Z—-s+11
W) =) am (L E ),

211 <2,+S/+3 2 —s+3 3 )
x22F ; )

s,1
Sy =(1 — -
w (’I“) ( J)) 4 s 1 ,271‘

z
with 2 = z1 — 2, 8 = s1 — s2 and x = tanh®2r. Here oF1(a,b;¢; 2) is the Gauss
hypergeometric function of variable z with parameters a, b, c. For m = +1, we
may take a system of two linearly independent C'*°-solutions given by uS™(r) and
uy S ~"™(r), where

s/—7n Z/

wm(r) = (—y) T (1 - y) F(

with

Z+s5+1 2Z—m+1 s'—m
> ; > i1 Y,

_ e?r — /=1 2
Y=\ +v-1)
Here —s means (—s1,—S2).

Proof. We recall the hypergeometric equation

2

dz?
with complex parameters a, b, c¢. If ¢ is not an integer, then we may choose

(4.5) z(1—2) +{c—(1+a+b)z}%—abu:0

2 Fi(a,b;c; z), AR (a—c+1,b—c+1;2—¢;2)

as two linearly independent solutions of (4.5) in the neighborhood of z = 0 (cf. [II
Chapter 2]). Now we reduce (4.3) to the hypergeometric equation (4.5). For m = 0,
we put

EQ -1 2 241
xz( ) =tanh®2r and ¢o(r) = (1 —2) 7 u(x).

£+1

Then u(z) satisfies (4.5) on x with
A+ b_z’—s’—i—l 1
“CTa -1 0 Ty
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Similarly putting

. 5_\/__1 ’ — 7 2
= (525) ad el =0 T 0-0 )

for m = £1, then v(y) satisfies (4.5) on y with

Z+s+1 Z—m+1 s'—m
a=——" b= —"—, c=1+
2 2 2
Solving these reduced differential equations, we obtain these assertions, since the
smoothness on r is clear. O

5. THE CASE OF THE DISCRETE SERIES REPRESENTATIONS

5.1. Schmid operator and shift operator. Let us consider the vector space
pC as a K-module via the adjoint representation. Put pg = CY; @ CYs; then
p® = ps®CZ, gives an irreducible decomposition. Clearly we have an isomorphism
ps = V., via the correspondence of the basis

{Yl +v-1Ys Y1 —v—-1Y5
2

2 )

} = {va, 02},

and also CZ, = Vio.
For a given irreducible K-module V., the tensor pruduct V; ® pg has an irre-
ducible decomposition

Ve, @ps =V, & Vo, s, for n € Na,

V‘rz ®pSgVTg@VT& @Vma VTS ®pSgVT2'
Now we denote the projectors induced from the above decompositions as follows;

P (n): Vo, @ps — Vo, _,, Pt(n):Vy, @ps — Vi, for n € No,
P72(2): Vo, ®ps — Ve, PT(2): V., @ps — Vi, for € € {0,1},

PT(0) : Vie @ pg — Vi, for e € {0,1}.

Yi++v/—1Y> Yi—v—1Y>
2 ’ 2

Lemma 5.1. Let us denote the basis of ps by we, w_o Te-

spectively. For n € Nya, we have

P () (0 @ w-3) = Vn_z, P~ (n)(v_n & w3) = v_pys,
PH(n)(vn ® w2) = vnyz,  PH(n)(von @ w_2) = v_n_s,

P~ () (10 @ w3) = P~(0)(0_n @ w_2) = P*(n) (tn ® w_2)
= PT(n)(v_p @ wa) = 0.
Forn =2, € {0,1}, we have
P2 (v @w_o4+v_o@w) =v), P H2)(v2 @w_og—v_9@ws) = v,

P+(2)(U2 ® ’LUQ) = U4, P+(2)(U_2 ® 'LU_Q) = V_4,
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P70(2)(’U2 Qw_9—v_ 9@ wy) =P H2)(v2 ®w_2 +v_9 @ ws)
=P (2)(v2 @ w2) = P°(2)(v—2 @ w—s)
=PH(2)(va @ w_3) = PT(2)(v_2 @ wy) = 0.
For e € {0,1}, we have
PTE(0)(vg @ wa) = v2,  PT(0)(v5 ® w—z) = (—1)7v_o.
Proof. Omitted. O

Now we define a first order gradient type differential operator

me : C?]OT (H\G/K) C?T@PS(H\G/K)

by

Y, — v—1Y5 Y1 + vV —1Y;
VirF =Ry F® % + Ry, F ® %

where

RxF():iF(g exp(tX) for X e g%, g€@G.

Nizo-

This differential operator V is called the Schmid operator. Moreover we define

-
the shift operators as the composmons of V with the projectors from 7, ® pg

into its irreducible component; for n € Na,

T

Vi, OX (H\G/K) = O, (H\G/K), Vi, F=Pn)Vs_F
forn =2, ¢ € {0,1},
Vit O, (H\G/K) = G, (H\G/K), Vi, F=P*2)V5 . F
vn f’g Y]TQ(H\G/K) ?],OTS(H\G/K)’ vn TQF P ( )VTS]TQ
and for e € {0,1},
Ve Cros(H\G/K) — G (H\G/K), Vi _.F=P™(0)V; -F.

5.2. Radial part of the shift operator. In this subsection, we compute the
radial part of the shift operators defined in the last section.

Proposition 5.2. Put{ =e?", r € R, andletn € H, 7 € K. Forg € C (A, 7)
and a, € A, we have

R(V; e
= (VETe + 2Eon(n) + 1574 © Ady)(X3) +2V7T)) (p 0 ool

— (VT — afn(v) — 355 (r 0 Ady)(X1) — 2V7T) ) (p 0 Tl

Moreover if we write ¢ € C{p(A;n,7) as (4.2), then we have the negative shift
operators

R(V,, . )elar) = D+Cn(7“)vn—2 — D7 c_p(r)v_pya  forn € Nug,

N,Tn
2R(V, 5, )elar) = DYea(r)vg — (—1)° D~ ca(r)vh, forn =2, €{0,1},
and the positive shift operators
R(V) pl(ar) = DYe_p(r)v_n_o — D cp(r)vpya, forn €N,

7:Tn

RV _elay) = (=1)°D c5(r)v_g — D™ c5(r)ve,  fore € {0,1},

777'0
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where
2
D* = V=184 + 25n(V) + § 71 (7(X0) £ 2V/-1).

Proof. In view of Lemma 4.1, we express Ry, +,=1v, as
2

= ( 26 Ad(a;h)Y; — ’fz—_ixl + \/—_1YQ> .

2\&2+1 €2 +
Moreover we have the relation
Y: £+ V—1Y; Y; £ V/—-1Y-
T(Xl)ép X %2 = ((’7’ (24 Adp)(Xl) + 2\/—1) (QO (24 %) .

Using this relation, we obtain the radial part of the Schmid operator via direct
computation. Moreover, we get the assertions for the shift operators by combining
this with the projectors in Lemma 5.1. O

5.3. Differential equations and their solutions. Let us take n = n* € H and
consider the case when 7% = 7;,2 € K is the minimal K-type of II* = Dé-’zﬁzz,
a discrete series representation of G. Since 7; does not occur in Dé»’Zl 4., K, each

€ C(A;n, T) satisfies the following differential equation: for j € Z,

(5.1) R(Vy 7p0)0(ar) =0,
and for j =0, ¢ € {0,1},
(5.2) R(V;%)w(a,«) =0.

Putting y = (g;\/@)z and using Proposition 5.2 and Lemma 4.4, we have the
following differential equations in terms of ¢4 (j42) (j € Zxo) from (5.1) and (5.2):
(5.3) (1= 9) i F 55 (s1 = 2) + 52 +2)) cxia) (1) = 0.

Then we have the following proposition via direct computation.

Proposition 5.3. Up to a constant multiple, the solution of the differential equa-
tion (5.3) is given by
E(s1—s52)—j—2 it+2
Ul (j42)(r) = (=) : (I-y)=.
6. MAIN RESULTS

Before giving our main theorems, we need a proposition:

Proposition 6.1. Let n € H. The system of differential equations (4.1) charac-
terizes the space of Shintani functions S, n(7) for a unitary principal series rep-
resentation II* and its minimal K-type 7. Moreover, (5.1) or (5.2), and (4.4),
characterize Sy (1) for a discrete series representation IT* and its minimal K -type

T*.

Proof. For a discrete series representation IT* and its minimal K-type 7%, this
assertion follows from the theorem of Yamashita [0, Theorem 2.4].

Thus we consider the principal series case. If we denote the C°°-solution space
of (4.1) by S¥(r) = S;‘igc)(n,H;T), then the inclusion SP°(7) D S, m(7) holds
obviously. Thus we prove the inverse inclusion for the minimal K-type 7 = 7;

( = 0,1) of II, where 7o means either 7 or 7¢.
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Now we define a map ¢, : C2° (H\G/K) ® V- — C°(H\G) by
e(F@v)(g) =", Flg), geG.

Here (,) is the canonical pairing on V;» x V;. Let us take a nonzero F' € S°(7;) and
consider the smallest (g%, K)-submodule Il of Cp°(H\G) which contains e, (F @
Vz+). Then we have

Tp = € Vit FQVpe ).
n>0

where Vj]‘, ZJ is the n-th composition of the positive shift operators and VI%F €
C (H\G/K). This follows from the fact that the compositions

:Tj4+2n
R(V:, JR(VE, ) =1R(Q)—in(n+2), neN,

7, Tn+2 5Tn
R(V;TH_Q)R(V?;,TW,) = %R(Q) - %’I’L(’I’L - 2)) n e N;ﬁl,Qa
RIV,EIR(V, ) = H1+ (1) IR(Q),  e,¢ €{0,1},
and
R(v;yﬁ )R( 7777'1) = %R(Q) + i

are in Z(g®), and that
en (Vo F Vi) = e, (F® V).

71

In particular, we have
Hp|r ="k,

since VI 7, F # 0 for any nonzero F' € S3°(7;) by the expression of I in Proposition
4.7. On the other hand, the infinitesimal character of Il coincides with that of
IT* by the definition. Therefore IIp = II*. This means the inclusion SP(7) C
87771'[ (T) O

Now we can state explicit forms of the Shintani functions on G, which is our
main goal in this paper.

Theorem 6.2. Let n = 0¥ € ﬁ, and let T = 7L be a unitary principal series
representation. Moreover let (1,V;) € K be the minimal K-type of I1, i.e. 7 =1§
or 71, € € {0,1}. Then the space S, u(7) of the Shintani functions is nonzero if
and only if the following conditions are satisfied:

1. s1+ 52 =21 + 22,
2. kl-l-kgEO(mod2),11:l2:gif7—:7—5’
3. k1+k2:l1+l2:1if7':7'1.

Under these conditions, S, 1i(T) has the following basis: If T = 7§, then the radial
part of the base is given by

w? (r)vg, if ko +e=0 (mod2),
wil(r)vg,  ifkete=1.

Here

g b 41— 411
W) =(1 - ) o (U ST ),

2! 1 ! ! 3 -5 3 3
Wit = -0 ot (R I L)
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with 2/ = 21 — 22, §' = $1 — s2 and = = tanh® 2r. In particular, dim S a(r) =1.
For T = 1, the radial part of the functions in S, 11(7) is given by
n,
(ult (r) +y2uz > (r))or + (y3ud ™ (r) + a2 (r)va

up to a constant multiple, where the ~y;’s satisfy the relations

(—1)*29 = B(1, ;2 )33 + B(=5', =15 2",

(—1)*2q9 = B(s',1; 2" )33 + B(=1, =s; 2"),

with
I(1+ “)r(ezt
B(a)b;zl): ((L_;’_l_;’_zlz )05‘12_22 .
(5= )T (=5=%)
Here
s'—m z'+1 ’ ’ ’7777, Slfm
w(r) = (—y) T (L) F R (SR, S 4 Sgmy)
with

2

ey
Y= e +-1

and —s = (—s1,—s2). In particular, dim S, (1) = 2.
Proof. The nonzero conditions of the space S, i(7) are obvious from Lemma 4.6
(1) and (4.4).

Let us consider the case 7 = 75. By Proposition 4.7, we can express the radial
part of the elements in S, r1(7) as

(Mw2®(r) + 2w (r))vg.

Note that ws?(—r) = (=1)'w¥(r) (i = 0,1) holds via direct computation. Thus
Lemma 4.6 (2) shows that v2 = 0 for kg +¢ =0 (mod2) and v; =0 for ko +¢ = 1.

Next let 7 = 71. Then, up to a constant, the radial parts of the functions in
S,,(7) can be expressed as

(yu2 (r) + y2uz > (r))or + (yaul ™ (r) + yauz > (r))o-g,

by Proposition 4.7. Using the formula ([T], p. 108, 2.10(2))

2Fi(a,b;¢;2) _%(—z)“m(a, l—c+al—btaz")
I'(e)I'(a —b) B | L
m(—z) bR (b1 —c+b;1—a+b;z7Y)

with |arg(—z)| < 7 and b — a € C\Z, we have the equation

wS™ (=) = Blom, o3 us T () + B, —mi 2 Yz ().

From Lemma 4.6 (2) and this equation, we get the relations of the 7;’s in the
theorem. 0

Theorem 6.3. Letn =n* € H, and let 1T = Dé‘,zl+z2 be a discrete series represen-

tation. Moreover let (1,V;) € K be the minimal K -type of 11, i.e. T = Tj+2. Then
the space S, n(T) of the Shintani functions is nonzero if and only if the following
conditions are satisfied;

1. 51+ 52 = 21 + 29,
2. kl—l-kQEll—f—lgEj (mod 2).
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Under these conditions, S, n(T) has the base whose radial part is given by

o (v + (=1)"20 5y (r)v_js.
Here
sy —sp)—j—2 itz
U (j42)(r) = (=) 4 (1-y)=,
with

=(3)

In particular, dim S, n(7) = 1.

Proof. The nonzero conditions of the space S, i(7) are obvious from Lemma 4.6
(1) and (4.4). By Proposition 5.3 we can express the radial part of the elements of
Spn(T) as

YU (r)vjte + 2ulj_o(r)v_j-o.
Note that uj,,(—7) = uZ;_,(r) holds via direct computation. Thus Lemma 4.6
(2) shows that (—1)F2; = 5. O

Remark. When n = nf € H is the trivial one, i.e. s1 = s2 = k1 = ko = 0, the space
S,,11(7) is one dimensional by the above theorems, if it exists. This agrees with the
result of Waldspurger [9] Proposition 10].

REFERENCES

1. Erdélyi, A. et al., Higher transcendental functions I, McGraw-Hill, 1953. IMR._15:419i

2. Flensted-Jensen, M., Spherical functions on a real semisimple Lie group. A method of reduc-
tion to the complex case, J. Funct. Anal. 30 (1978), 106—146. MR, 831:43022

3. Heckman, G., Schlichtkrull, H., Harmonic analysis and special functions on symmetric spaces,
Perspectives in Math., vol.16, Academic Press, 1994. MR 96j:22019

4. Jacquet, H., Langlands, R. P., Automorphic forms on GL(2), Lecture Note in Math., vol. 114,
Springer-Verlag, 1970. MR, 53:5481

5. Knapp, A. W., Representation Theory of Semisimple Groups; An Overview Based on Exam-
ples, Princeton Univ. Press, 1986. MR 87j:22022

6. Murase, A., Sugano, T., Shintani function and its application to automorphic L-function
for classical groups (I. The case of orthogonal groups), Math. Ann. 299 (1994), 17-56.
MR 96c¢:11054

, Shintani functions and automorphic L-functions for GL(n), Téhoku Math. J. 48
(1996), 165-202. MR 97i:11056

8. Tsuzuki, M., Real Shintani Functions on SU(2,1), J. Math. Sci. Univ. Tokyo (to appear).

9. Waldspurger, J. L., Correspondance de Shimura, J. Math. Pures Appl. (9) 59 (1980), 1-133.
MR 83£:10029

10. Yamashita, H., Embeddings of discrete series into induced representations of semisimple
Lie groups I -general theory and the case of SU(2,2), Japan J. Math. 16 (1990), 31-95.
MR 92¢:22032

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF TOKYO, TOKYO, 153, JAPAN
E-mail address: hirano@ms406ss5.ms.u-tokyo.ac. jp


http://www.ams.org/mathscinet-getitem?mr=15:419i
http://www.ams.org/mathscinet-getitem?mr=83f:43022
http://www.ams.org/mathscinet-getitem?mr=96j:22019
http://www.ams.org/mathscinet-getitem?mr=53:5481
http://www.ams.org/mathscinet-getitem?mr=87j:22022
http://www.ams.org/mathscinet-getitem?mr=96c:11054
http://www.ams.org/mathscinet-getitem?mr=97i:11056
http://www.ams.org/mathscinet-getitem?mr=83f:10029
http://www.ams.org/mathscinet-getitem?mr=92c:22032

	1. Introduction
	2. Preliminaries
	2.1. Groups
	2.2. Parametrizations of representations 

	3. Shintani function and radial part
	3.1. Shintani function
	3.2. Radial part

	4. The case of the principal series representations
	4.1. Radial part of the elements of Z(gC)
	4.2. Differential equations and their solutions 

	5. The case of the discrete series representations
	5.1. Schmid operator and shift operator
	5.2. Radial part of the shift operator 
	5.3. Differential equations and their solutions 

	6. Main results
	References

